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On the Balasubramanian-Ramachandra method close to
Re(s) = 1
Johan Andersson∗
Abstract
We study the problem on how to get good lower estimates for the integral
∫
T+H
T
|ζ(σ + it)|dt,
when H ≪ 1 is small and σ is close to 1, as well as related integrals for other Dirich-
let series, by using ideas related to the Balasubramanian-Ramachandra method.
We use kernel-functions constructed by the Paley-Wiener theorem as well as the
kernel function of Ramachandra. We also notice that the Fourier transform of
Ramachandra’s Kernel-function is in fact a K-Bessel function. This simplifies
some aspects of Balasubramanian-Ramachandra method since it allows use of the
theory of Bessel-functions.
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1 Introduction and Main results
In a recent paper [4] we proved that
inf
|an|≤Φ(n)
∫ H
0
∣∣∣∣∣1 +
N∑
n=2
ann
−it−1
∣∣∣∣∣dt > 0,
if and only if ∫ ∞
2
log Φ(x)
x log2 x
dx <∞,
whenever Φ(x) is an increasing positive function. This gives a strong answer to a
question originally posed by Ramachandra [16] (and solved in a weaker version in [1]),
and has applications on lower bounds for the Riemann zeta-function close to Re(s) = 1.
For example it implies that∫ T+H
T
|ζ(σ + it)|dt ≥ CH,ε, (1− σ < (log log T )−ε−1). (1)
To prove this we used integral kernels coming from a construction of Paley and Wiener
[14]. We also used the following result:
Vanishing Lemma. Any Dirichlet series that is identically zero on an interval of
absolute convergence is identically zero on the complex plane.
In another direction Balasubramanian and Ramachandra devised a method (See
for example [17]) which implies the following results:
max
t∈[T,T+H]
|ζ(1 + it)| ≫ log logH, (H ≥ C0), (2)
on the line Re(s) = 1, for 1/2 < σ < 1
max
t∈[T,T+H]
|ζ(σ + it)| ≫ exp
(
Cσ(logH)
1−σ
log logH
)
, (H ≥ C1 log log T ), (3)
for some positive constants Cσ, C1 as well as other important results such as good
omega-estimates (the same order of magnitude as the conjectured upper bounds) for
higher power moments of the Riemann zeta-function on the critical line. It follows
from an easy application of Voronin Universality, see e.g. [1, 2, 3] that
inf
T
max
t∈[T,T+H]
|ζ(σ + it)| = 0,
for any 1/2 < σ < 1 and thus in order for (3) to be true, H must be an increasing func-
tion of T . One of our aims is to prove new results that are in some sense intermediate
to (2) and (3), when σ is in the critical strip, but close to 1. An important distinction
is that our main interest lies in finding related results for small H, in particular when
H → 0. An example of such a result is the following theorem:
Theorem 1. Let T > 16 and ε, C > 0. Then we have that∫ T+H
T
|ζ(σ + it)|dt≫ min(H2+ε,H), (σ ≥ 1− CH(log log T )−1−ε).
2
In particular this result improves on (1) by giving explicit estimates for CH,ε as H
tends to zero. A crucial part of the proof of Theorem 1 is to use a standard Mollifier.
It should be possible to use the same idea whenever we have an Euler-product.
Although Theorem 1 extends to the line Re(s) = 1 it gives worse estimates in this
case than our recent [2, Theorem 3] surprisingly strong result
inf
T
∫ T+H
T
|ζ(1 + it)|dt = e
−γpi2
24
H2 +O
(
H4
)
,
inf
T
∫ T+H
T
|ζ(1 + it)|−1dt = e
−γ
4
H2 +O
(
H4
)
,
(4)
when H → 0+. By continuity however, this theorem can be extended to some suffi-
ciently small region in the critical strip. The Riemann hypotheses together with this
result infact implies a stronger result than Theorem 1. Unconditionally we may replace
the Riemann hypothesis with the sharpest known zero-free regions to obtain sharper
bounds than in Theorem 1 at the expense of a shorter range of σ.
Theorem 2. Assuming the Riemann hypothesis1 one has that
lim inf
T→∞
1−ω(T )≤σ≤1
∫ T+H
T
|ζ(σ + it)|dt = e
−γpi2
24
H2 +O
(
H4
)
,
lim inf
T→∞
1−ω(T )≤σ≤1
∫ T+H
T
|ζ(σ + it)|−1dt = e
−γ
4
H2 +O
(
H4
)
,
for 0 < ω(T ) < 1 such that
ω(T ) = o
(
1
log log T
)
.
Unconditionally the same result holds when
ω(T ) = o((log T )−2/3(log log T )−1/3).
Proof. The conditional result is a consequence of (4) and Titchmarsh [20, p. 383, last
equation]
ζ ′(σ + it)
ζ(σ + it)
≪ (log t)
2−2σ − 1
1− σ , (1/2 < σ0 ≤ σ < 1, Assuming RH),
from which it follows that
|ζ(1 + it)− ζ(σ + it)| ≪ δ|ζ(1 + it)|, (1− δ/ log log t ≤ σ ≤ 1).
The unconditional result follows in a similar way by using the unconditional result
ζ ′(σ + it)
ζ(σ + it)
≪ (log t)2/3(log log t)1/3, (1−A(log t)−2/3(log log t)−1/3 ≤ σ ≤ 1),
1In fact the so called quasi Riemann hypothesis suffices. There is some constant c < 1 such that
the Riemann zeta-function has no zeroes for Re(s) > c.
3
see e.g. the discussion by Heath-Brown [20, p.135]. This estimate is a consequence of
the unconditional zero free regions of Vinogradov [21] and Korobov [12]. The strongest
constants in the zero free region is due to Ford [7]. From this inequality it follows that
|ζ(1 + it)− ζ(σ + it)| ≪ δ|ζ(1 + it)|, (1−Aδ/((log t)2/3(log log t)1/3) ≤ σ ≤ 1),
from which the unconditional result follows.
For the case when we do not have an Euler product we obtain even weaker estimates
in H. However, by a quantitative variant of the vanishing Lemma proved in [5] we
will be able to treat this case as well. Also, instead of the construction of Paley and
Wiener, we will use the integral Kernel introduced by Ramachandra (see for example
[17]), which gives the sharpest range in the Balasubramanian-Ramachandra method.
We choose as a prototype case the Hurwitz zeta-function, although the result can be
proved in a more general context, like that of Titchmars series. For the Hurwitz and
Lerch zeta-functions we have the following result
Theorem 3. Let ζ(σ + it, α) with 0 < α ≤ 1 be the Hurwitz zeta-function. Then for
T ≥ 16 one has that
∫ T+H
T
|ζ(σ + it, α)|dt≫ min
(
H,
(
H
200
) 7
6Hε
)
,
whenever
σ ≥ 1− piH(1− ε)
4 log log T
,
and 0 < ε ≤ 1. Furthermore the same estimate is valid when the Hurwitz zeta-function
ζ(σ + it, α) is replaced by the Lerch zeta-function φ(α, β, σ + it) with 0 < α, β ≤ 1.
We remark that this result not just gives an explicit estimate for (1) but the use
of the integral kernel of Ramachandra allows us to improve on the range for σ where
it is valid. Thus it also gives stronger estimates for the Riemann zeta-function case
than Theorem 1 when a wider range of σ is considered, at the expense of a obtaining
a weaker lower estimate in H. Assuming the Riemann hypothesis however, the same
arguments used to prove Theorem 2 gives stronger results.
2 The multiplicative case
We will infact prove a stronger result, from which Theorem 1 is an immediate conse-
quence.
Theorem 4. Suppose xω(x) and 1/ω(x) are increasing positive functions for x ≥ 1
such that ω(x) = 1 for 0 ≤ x ≤ 1 and∫ ∞
1
ω(x)dx
x
<∞.
Then one has for 0 ≤ H ≤ 1 and T ≥ 1 that∫ T+H
T
|ζ(σ + it)|dt≫ H
2ω(|logH|)
1 + |logH| , (σ ≥ 1−Hω(H log T )).
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We first prove a Lemma:
Lemma 1. Let σ, T,H be given as in Theorem 4. Then there exist a positive test
function φ ∈ C∞0 (R) with support on [0, 1] such that φ(0) = c0 > 0, 0 ≤ φ(t) ≤ 1 and∣∣∣φˆ(H log n)n−σ∣∣∣ ≤ (log n)−3n−1, (X ≤ n ≤ T 2),
where
X = exp
( |logH|
Hω(|logH|)
)
Proof. By using the inequality σ ≥ 1−Hω(H log T ) and the fact that ω(x) is decreasing
it is clear that
1− σ
H
− ω(x/2) ≤ Hω(H log T )
H
− ω(H log T ) = 0, (0 ≤ x ≤ 2H log T ). (5)
By the Paley-Wiener theorem’s [14], see also Koosis [11] or for a suitable version see
[1, Lemma 4], we can choose a positive test function φ ∈ C∞0 (R) with support on [0, 1]
so that φˆ(0) = c0 6= 0 and such that∣∣∣φˆ(x)∣∣∣ ≤ x−3Φ(x)5, where Φ(x) = exp (−xω(x/2)). (6)
From the requirement that xω(x) is an increasing function in x we have that Φ(x) is
a decreasing function. It is clear that
H logX =
|logH|
ω(|logH|) .
Since ω(x) is a positive decreasing function for x ≥ 1 such that ω(x) = 1 for 0 ≤
x ≤ 1 it follows that ω(x) ≤ 1 for x ≥ 0 and that H logX ≥ logH. It follows that
ω(H logX) ≤ ω(|logH|). Thus we see that
Φ(H logX) = exp
(
− |logH|
ω(|logH)| ω(H logX)
)
≤ exp (−|logH|) = H.
Since Φ is a decreasing function we see that Φ(H log n)3 ≤ H3 for n ≥ X and we
obtain
(H log n)−3Φ(H log n)3 ≤ (H log n)−3H3 = (log n)−3, (n ≥ X). (7)
By (6) it is clear that
n−σΦ(H log n)2 ≤ n−1 exp
(
(1− σ)x
H
− 2xω(x)
)
,
where x = H log n. Since 1 ≤ n ≤ T 2 this means that 0 ≤ x < 2H log T and we can
use the inequality (5) to obtain
n−σΦ(H log n)2 ≤ n−1, (8)
The lemma follows from combining the inequalities (6), (7) and (8).
5
2.1 Proof of Theorem 4
By a suitable approximate functional equation (Ivic´ [10, Theorem 1.8]) we have that
ζ(σ + it+ iT ) = ζT (σ + it) +O(T
−1/2), (T/2 < |t| < T, σ ≥ 1/2), (9)
where
ζT (s) =
∑
1≤n<T
n−s.
Thus it will be sufficient to consider Dirichlet polynomials instead of Dirichlet series.
Let X be defined as in Lemma 1 and introduce the standard Mollifier2:
MX(s) =
∑
1≤n≤X
µ(n)n−s.
Without loss of generality we may assume that X < T . Define
A(s) = ζT (s+ iT )MX(s+ iT ) =
∑
1≤n<T 2
ann
−s. (10)
It is clear that
an =
{
1, n = 1,
0, 2 ≤ n < X, (11)
and that
|an| ≤ d(n). (12)
Now let φ(x) be the function in Lemma 1. By the definition of the Fourier-transform
φˆ(x) =
1
2pi
∫ ∞
−∞
e−itxφ(t)dt,
it follows that ∫ ∞
−∞
φ
(
t
H
)
A(σ + it)dt = 2piH
∑
1≤n<T 2
ann
−σφˆ(H log n).
Hence by (12) and Lemma 1 we obtain
T 2∑
n=1
ann
−σφˆ(H log n) = 2pic0H +O

H ∑
X≤n<T 2
d(n)(log n)−3n−1

. (13)
From the fact that
ζ2(s) =
∞∑
n=1
d(n)n−s
2This has also been used by Selberg [19] to show a positive proportion of zeros on the critical line
and has also had other important applications such as zero density estimates (See Ivic´ [10], chapter
11).
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is analytic for Re(s) ≥ 1, except for a second order pole at s = 1, it follows that
∑
n>X
d(n)
n
(log n)−3 ≪ (logX)−1, (14)
and from (13) and (14) and the choice of X given in Lemma 1 we see that∫ ∞
−∞
φ
(
t
H
)
A(σ + it)dt = 2pic0H +O
(
Hω(|logH|)
|logH|
)
.
Since ω(x) ≤ 1 and limH→0+ |logH| = ∞ it it is clear that for sufficiently small
0 < H ≤ H0 the error term will be less than half of the main term and by the triangle
inequality and the fact that φ has support on [0, 1] it follows that∫ H
0
|A(σ + it)|dt ≥ pic0H, (0 < H ≤ H0). (15)
By the definition of A(s), Eq. (10) it is clear that
∫ T+H
T
|ζT (σ + it)|dt ≥
∫H
0 |A(σ + it)|dt
maxt∈[T,T+H] |MX(σ + it)|
. (16)
From the triangle inequality we have
|MX(σ + it)| ≤
X∑
n=1
n−σ ≪ max
(
X1−σ − 1
1− σ , logX
)
≪ |logH|
ω(|logH|)H . (17)
Our result for 0 < H ≤ H0 thus follows from the approximate functional equation (9),
and the inequalities (15), (16) and (17). The result for 0 < H0 < H ≤ 1 is a trivial
consequence of the result for H = H0.
2.2 Proof of Theorem 1
For the case 0 < H < 1 Theorem 1 follows by choosing
ω(x) =
{
1, 0 ≤ x ≤ 1,
(1 + log x)−1−ε, x > 1,
in Theorem 4 and by the fact that
|logH|−1−ε ≪ Hε, (H < 1/2).
The case H ≥ 1 follows from Theorem 3.
3 An Integral kernel of Ramachandra
3.1 An optimal kernel
We will use the same test-function as Ramachandra [17, p. 35], although we will treat
it somewhat differently. Ramachandra used the test-function exp(sin2 w). He then
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proved some results on the Fourier transform of this function. Ivic´ ([10] and [8, pp. 21-
22]) considered the function exp(− cosw) instead, which by the trigonometric identity
cos(2x) = 1− 2 sin2(x) is essentially equivalent. This test-function of Ramachandra is
in fact optimal in a certain sense. We quote from Ivic´ [10, p. 22]:
“In part I of [15] Ramachandra expresses the opinion that probably no function
regular in a strip exists, which decays faster than a second order exponential. This is
indeed so, as was kindly pointed out to me by W. K. Hayman in a letter of August
1990. Thus Ramachandras kernel function exp(sin2 w) (or exp(− cosw)) is essentially
the best possible.”
3.2 K-Bessel functions
Instead of treating this function directly, we relate this kernel to the theory of the
Macdonald, or K-Bessel function Kν(z) introduced by Basset [6] for integer values of
ν and generalized to noninteger values of ν by Macdonald [13]. Scha¨fli [18] proved3
that
Kν(x) =
1
2e
−1/2νpii
∫ ∞
−∞
e−ix sinh t−νtdt. (18)
For this result see Watson [22, 6.22, Eq. (10)]. The explicit relationship between this
integral and Ramachandra’s kernel function will be given by Theorem 5. By noticing
the connection with the Bessel functions, the required results for Ramachandra’s kernel-
function needed to develop the Balasubramanian-Ramachandra method are simple
consequences of well-known results from the theory of Bessel function.
3.3 A summation formula and K-Bessel functions
Theorem 5. Let
A(s) =
∞∑
n=1
ann
−s
be a Dirichlet series absolutely convergent for Re(s) > σ. Then for x, λ > 0 and
Re(s) > σ. we have that
∞∑
n=1
anKiλ logn(x)n
−s =
1
2λ
∫ ∞
−∞
A(s+ it)e−x cosh(t/λ)dt.
Proof. By using ν = iµ and moving the first factor inside the integral, Scha¨fli’s identity
Eq. (18) can be written as
Kiµ(x) =
1
2
∫ ∞
−∞
e−ix sinh t−µi(t+pii/2)dt.
With the substitution τ = t+ pii/2 this integral equals
1
2
∫ pii/2+∞
pii/2−∞
e−ix sinh(τ−pi/2i)−µiτdτ.
3Since Scha¨fli’s results predates the introduction of the K-Bessel-function he used a different nota-
tion in his paper.
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By moving the integration line from Im(τ) = pi/2 to Im(τ) = 0 and using the identity
cosh τ = sinh(τ − pi/2i)i we find that
Kiµ(x) =
1
2
∫ ∞
−∞
e−x cosh τ−µiτdτ. (19)
Applying this term-wise and interchanging the summation and integration gives us the
identity
∞∑
n=1
anKiλ logn(x)n
−s =
∞∑
n=1
ann
−s1
2
∫ ∞
−∞
e−x cosh τ−λ lognτdτ,
=
1
2
∫ ∞
−∞
e−x cosh τA(s+ λτi)dτ.
By the substitution t = λτ this equals
1
2λ
∫ ∞
−∞
e−x cosh(t/λ)A(s + it)dt.
.
3.4 Asymptotic estimates for K-Bessel functions
It will be sufficient for us to use Theorem 5 for some fixed x > 0. For convenience we
will state the following lemma for x = 2 although a similar result can be proved for
arbitrary x as well:
Lemma 2. We have for t > 0 that
Kit(2) = e
−pit/2
√
2pi
t
sin
(pi
2
(t log t+ t)
)(
1 +O
(
1
t
))
.
Proof. 4 Similarly to the asymptotic expansion of Jν(z) made by Watson [22, Section
8.1], it follows from the definition of the Kν(z)-Bessel function (Watson [22, Section
3.17 (6) and (7)].
Kν(z) =
pi
2
I−ν(z) − Iν(z)
sin νpi
,
and
Iν(z) =
∞∑
m=0
(z/2)ν+2m
m!Γ(ν +m+ 1)
,
that
Kν(x) =
pi
2 sin νpi
(
(x/2)−ν
Γ(1− ν) −
(x/2)ν
Γ(1 + ν)
)(
1 +Ox
(
1
ν
))
.
4This result is most likely well-known and in such a case I should find a reference. I could not find
the result in Watson [22], and since its proof is simple it might as well remain even if I find a reference.
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By the reflection formula for the Gamma-function
Γ(z)Γ(1 − z) = pi
sinpiz
,
and the fact that Γ(z + 1) = zΓ(z), this simplifes to
Kν(x) =
1
2ν
(
(x/2)−νΓ(1 + ν)− (x/2)νΓ(1− ν))(1 +Ox
(
1
ν
))
.
The final result follows from Stirling’s formula
Γ(z) =
√
2pi/ν(z/e)z(1 +O(1/z)),
and letting ν = it.
4 The non multiplicative case
4.1 Some lemmas
Lemma 3. Suppose λ, T > 0. Then∫
|t|≥T
exp
(
−2 cosh t
λ
)
dt ≤ 1
λ
exp
(
− exp
(
T
λ
))
.
Proof. By the substitution τ = t/λ it is sufficient to prove the Lemma in case λ = 1,
i.e. ∫
|τ |≥T
exp (−2 cosh τ)dτ ≤ exp (− exp (T )). (20)
This result is trival for large T and follow from numerical estimation in Maple5
for small T (infact replacing the factor 1 in the RHS by 2eK0(2) = 0.619. gives the
optimal bound).
Lemma 4. Suppose f(t) is some function such that |f(t)| ≤ C for all real t and that
for some σ < 1 and ε > 0 we have the inequality∫ ∞
−∞
∣∣∣∣f
(
t− H
2
)∣∣∣∣ exp
(
−2 cosh
(
pit
2(1 − σ)
))
dt ≥ ε.
Then
∫ H
0
|f(t)|dt ≥ ε
2
, for H =
4(1 − σ)
pi
log log
(
C(1− σ)
ε
)
.
Proof. This follows from Lemma 3.
We will now use our result from [3].
5This should possibly be done in a more rigid manner (without Maple).
10
Lemma 5. Assume that 0 < α ≤ 1, and that |an| ≤M . Then we have for 0 < δ ≤ 0.05
that
inf
σ>1,T
∫ T+δ
T
∣∣∣∣∣α−σ−it +
∞∑
n=1
an(n+ α)
−σ−it
∣∣∣∣∣dt ≥ α−1
(
1 +
M2α
δ
)− 7
6δ
10−
9
δ .
Proof. Lemma 15 in [3] is in fact stated for M = 1, but the same proof holds for any
M > 0.
We will now state a Lemma that by the fact that the Hurwitz-zeta function can be
approximated by a Dirichlet polynomial yields Theorem 3.
Lemma 6. Let A(s, α) be a Dirichlet polynomial such that
A(s, α) = α−s +
N∑
n=1
an(n+ α)
−s
and |an| ≤M . Then we have for 0 < σ < 1 that
inf
T
∫ ∞
−∞
exp
(
−2 cosh pit
2(1− σ)
)∫ t+δ
t
|A(σ + iτ + iT, α)|dτdt ≥
≥ pi
9α(1 − σ)
(
1 +
194αM2
δ
)− 7
6δ
10−
9
δ .
Proof. By convoluting A(s, α) with Ramachandra’s kernal, we get in the same way as
Theorem 56.
1
2λ
∫ ∞
−∞
αs+itA(s + it, α) exp
(
−2 cosh
(
t
λ
))
dt =
=
N∑
n=1
anKiλ(log(n+α)−logα)(2)(n + α)
−s,
=
N∑
n=1
bn(n+ α)
−s.
The result follows by choosing
λ =
2
pi
(1− σ)
and noticing that K0(2) ≥ 1/9 and the fact that
sup
t≥0
∣∣Kit(2)epit/2∣∣
K0(2)
= 13.917, 13.9172 < 194.
That this expression is bounded follows from Lemma 2 and the constant follows from
finding the maximum in Maple7.
6This corresponds to α = 1.
7This should possibly be done in a more rigid manner (without Maple).
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Lemma 7. Let A(s, α) be a Dirichlet polynomial such that
A(s, α) = α−s +
N∑
n=1
an(n + α)
−s, (N ≥ 16),
and |an| ≤ 1. Then we have for 1/2 ≤ σ < 1 that
inf
T
∫ δ+∆
0
|A(σ + it, α)|dt ≥ 1
4αδ(1 − σ)
(
1 +
194α
δ
)− 7
6δ
10−
9
δ ,
where
∆ =
4
pi
(1− σ) log logN, whenever N ≥ (1− σ)δ2
(
1 +
194α
δ
)7/(3δ)
1018/δ .
Proof. Let
B(t) =
∫ t+δ
t
|A(σ + iτ + it, α)|dτ. (21)
By estimating the Dirichlet polynomial A(σ + iτ + it) by its absolute values and
integrating over τ it follows that
B(t) ≤ δN
1−σ
1− σ .
By Lemma 4 and Lemma 6 it follows that
∫ H
0
B(t)dt ≥ pi
18α(1 − σ)
(
1 +
194α
δ
)− 7
6δ
10−
9
δ , (22)
for
H =
4(1− σ)
pi
log log

δN1−σ
1− σ
(1 − σ)
pi
9α(1−σ)
(
1 + 194αδ
)− 7
6δ 10−
9
δ

.
The fact that
H ≤ ∆ = 4(1 − σ)
pi
log logN
follows from the fact that for 1/2 ≤ σ ≤ 1 and N ≥ 4 we have that N1−σ ≤ √N ,
which follows from the lower bound for N in the Lemma. By (21) and the triangle
inequality we obtain that
∫ H
0
B(t)dt ≤ δ
∫ H+δ
0
|A(it+ iT )|dt ≤ δ
∫ ∆+δ
0
|A(it+ iT )|dt..
The lemma follows by combining this with (22).
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Lemma 8. Let A(s, α) be a Dirichlet polynomial such that
A(s, α) = α−s +
N∑
n=1
an(n+ α)
−s
and |an| ≤ 1. Then we have for 0 < σ < 1 that. Furthermore let δ > 0 and choose
0 < ε < 1 so that 0 < εH < 0.05. Then
inf
T
∫ T+H
T
|A(σ + it, α)|dt ≥ 1
4α(1 − σ)
(
1 +
194α
Hε
)− 7
6Hε
10−
9
Hε ,
for
σ ≥ 1− piH(1− ε)
4(log logN + 1)
.
Proof. This follows by choosing δ = εH, in Lemma 7, since the inequality for σ gives
us that ∆ ≤ (1− ε)H, and thus δ +∆ ≤ H.
4.2 Proof of Theorem 3
Theorem 3 follows from Lemma 8 since ζ(σ+iT, α) can be approximated by a Dirichlet
polynomial of length T , similarly to (9), so we can choose N = T and α = 1 minimizes
the right hand side of the inequality in Lemma 8.
5 Further research and open problems
From (4) it follows that
∫ T+H
T
|ζ(1 + it)|dt≫ max(H2,H).
We may ask how far it is possible to extend this result to the critical strip.
Problem 1. Is it possible to remove the Hε on the right hand side of Theorem 1
unconditionally?
Theorem 2 shows that this can be done assuming the Riemann hypothesis and
unconditionally for a shorter range in σ. It does not seem as the methods of this paper
can do this unconditionally for the full range of σ in the theorem.
The general problem to find a lower bound for∫ T+H
T
|ζ(σ + it)|dt
is quite important for 1/2 < σ < 1, and has applications on e.g. the multiplicity of
zeta-zeros, see Ivic´ [9]. Our results give good estimates when 1−σ ≤ H(log log T )−1−ε.
In particular we see that the range of σ where we have good estimates depends on
both T and H. It is therefore natural to ask:
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Problem 2. Is it possible to remove the dependence on H in Theorem 1 for the range
of σ where the inequality is valid? Can we prove that
∫ T+H
T
|ζ(σ + it)|dt≫ min(H2+ε,H), (σ ≥ 1− (log log T )−1−ε)?
It is clear that this can be done if we just consider sufficiently large T .
Corollary 1. Let ε > 0. Then we have that
lim inf
T→∞
∫ T+H
T
|ζ(σ + it)|dt≫ min(H2+ε,H), (σ ≥ 1− (log log T )−1−ε).
Proof. This follows from Theorem 1, by choosing ε in Theorem 1 to be half of the ε
in Corollary 1 and using the fact that limT→∞(log log T )
−ε/2 = 0.
Corresponding corollaries also follows from Theorem 3-4 by the same proof method
(we remark that we already stated Theorem 2 in this manner). It is not too difficult
to give some explicit estimate of T depending on H where problem 2 can be solved,
e.g. we may prove the lower bound in Problem 2 for each
T ≥ exp
(
exp
(
H−1/ε
))
.
However, we do not seem to get as sharp bounds for smaller T . It is easy to see that if
we can answer problem 2 in the affirmative it would follow that all the zeroes ρ = σ+it
of the Riemann zeta-function for σ ≥ 1− (log log t)−1−ε are simple.
While it might be possible to remove the dependence between σ and H in Theorem
1 as suggested by Problem 2, universality results on vertical lines, see e.g. [3] implies
that it is not possible to prove Theorem 1 for Re(s) > σ for any fixed σ < 1 and H > 0,
so it is not possible to remove the dependence between σ and T .
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